By perceiving gauge invariance as an analytical tool in order to get insight into the states of the "generalized Landau problem" (a charged quantum particle moving inside a magnetic, and possibly electric field), and motivated by an early article that correctly warns against a naive use of gauge transformation procedures in the usual Landau problem (i.e. with the magnetic field being static and uniform), we first show how to bypass the complications pointed out in that article by solving the problem in full generality through gauge transformation techniques in a more appropriate manner. Our solution provides in simple and closed analytical forms all Landau Level-wavefunctions without the need to specify a particular vector potential. This we do by proper handling of the so-called pseudomomentum K (or of a quantity that we term pseudoangular momentum L z ), a method that is crucially different from the old warning argument, but also from standard treatments in textbooks and in research literature (where the usual Landauwavefunctions are employed -labeled with canonical momenta quantum numbers). Most importantly, we go further by showing that a similar procedure can be followed in the more difficult case of spatially-nonuniform magnetic fields: in such case we define K and L z as plausible generalizations of the previous ordinary case, namely as appropriate line integrals of the inhomogeneous magnetic field -our method providing closed analytical expressions for all stationary state wavefunctions in an easy manner and in a broad set of geometries and gauges. It can thus be viewed as complementary to the few existing works on inhomogeneous magnetic fields, that have so far mostly focused on determining the energy eigenvalues rather than the corresponding eigenkets (on which they have claimed that, even in the simplest cases, it is not possible to obtain in closed form the associated wavefunctions). The analytical forms derived here for these wavefunctions enable us to also provide explicit Berry's phase calculations and a quick study of their connection to probability currents and to some recent interesting issues in elementary Quantum Mechanics and Condensed Matter Physics. As an added feature, we also show how the possible presence of an additional electric field can be treated through a further generalization of pseudomomenta and their proper handling.
Introduction
The enormous rising of importance in the past four decades of the Landau problem (electron inside a spatially-uniform magnetic field) -as the key problem in the general area of the Quantum Hall Effect but also as highly relevant to the recent burst in topological phases -and the central role of gauge invariance in all of Physics (to be recalled below), can make one wonder whether the latter can be used methodologically in order to provide insight into the solutions of the former. In this respect, and by additionally being motivated by an early article [1] that points out very justifiable warnings against a naive handling of gauge transformation procedures in the above Landau problem, especially when passing from one Landau gauge to another -and also by realizing the almost exclusive use of the original method of Landau (namely, the use of canonical momentum operators to provide good quantum numbers) in textbooks but also in research literature --we present here an alternative procedure, not based on canonical momenta, by placing emphasis on the proper use of (the generator of translations inside a magnetic field) pseudomomentum K in Cartesian coordinates (and of a rotational type of quantity L z , when working with polar coordinates, that we term pseudo-angular momentum). Our method completely eliminates the complications pointed out in the old article (as well as the risk of errors in all standard treatments that involve the usual Landau-wavefunctions) and provides in simple and closed analytical forms all stationary wavefunctions in any arbitrary gauge. Through our solution it is indeed demonstrated that the book-keeping provided by the use of the pseudomomenta is superior (to canonical momenta) especially in cases of energy degeneracy (as occurs here with the Landau Levels), in that there is no necessity of changing the basis associated with changing to different components of pseudomomentum that label differently the degenerate states, as actually happens with the ordinary Landau problem and had been pointed out in [1] .
In the present work we go much further than the ordinary uniform field case mentioned above, by also making similar (but extended) considerations on the "generalized Landau problem" with a nonuniform magnetic field (but also with an additional electric field, as we shall see). However, let us first recall the issue of gauge invariance, in its full generality and in a "practical" manner (i.e. in a way that is usable to provide insight into the solutions of all these problems): It is well-known from Weyl's early work [2] (and also from independent proposals by Schrodinger (1922) , Fock (1927) and London (1927) [3] ), that the structure of the time-dependent Schrodinger equation (TDSE) remains the same upon change of potentials (through 21 AA     and V 2 = V 1 -) if at the same time the wavefunction Ψ 1 (r,t) (solution of the TDSE for the set of potentials ( 1 A , V 1 )) is replaced by Ψ 2 (r,t) = Ψ 1 (r,t)
. Hence, the formal solution (meaning: before any imposition of boundary conditions) of the TDSE for the set of potentials ( 2 A , V 2 ) is the above Ψ 2. This formal connection between two systems (in which the same particle of charge -e moves in the above two different sets of potentials) may be seen as a mapping between the two problems, and this has been exploited recently [5, 6] for advancing new solutions of t-dependent Aharonov-Bohm configurations, both of the magnetic and the electric type, an area that after [5, 6] seems to be growing rapidly [7] . In a similar manner, if we look at the t-independent Schrodinger equation (TISE), we can see that a similar formal mapping is also valid for the stationary state solutions, i.e. Ψ 2 (r) = Ψ 1 (r) (now only under the change 3 21 AA     , with Λ now being time-independent), with the understanding that the corresponding solutions Ψ 1 and Ψ 2 will belong to the same energy. Long time ago Swenson [1] criticized the above result, pointing out that there may be subtleties associated with cases of energy degeneracies; and in particular for the Landau problem, he demonstrated that it is incorrect to apply the above simple result to the well-known wavefunction-solutions of the TISE in the two standard Landau gauges ( 1 A =-yBî and 2 A =xBĵ , with B the modulus of the uniform magnetic field (with direction along the positive z-axis) and ˆ, ij unit vectors along x,y directions). He actually showed that the mapping between the two problems is more complicated (involving superposition of different Ψ 1 's that corresponded to different values of a canonical momentum but the same energy as the one of Ψ 2 ), and he then drew the general conclusion that in cases of degeneracy the simple mapping (with the above single extra phase factor) produces a solution that is not necessarily a single stationary state of the 2 nd system. Here we want to point out that if one is careful to map states that correspond not only to the same energy but simultaneously to the same value of another constant of motion, such as a given component of pseudomomentum (which is chosen to be the same component in both gauges), then the simple mapping is valid again. In Swenson's case (and in almost all textbooks as well as in most of the research literature), it so happens that the Ψ 1 and Ψ 2 used (the ones based on canonical momenta) that are the standard solutions of this problem in the usual two Landau gauges, do not correspond to the same Cartesian component of pseudomomentum (as will be recalled below), hence the arising of a more complicated result. The use of the same component of another constant of motion indeed simplifies the problem, and this simplification can be exploited, as we will see, in order to immediately write down analytical solutions for any gauge, and finally to go further by drawing general conclusions on the problem of spatially non-uniform magnetic fields where analytical results are rare. In this case we find it advantageous to introduce a plausible generalization of the pseudomomenta and pseudo-angular momenta, and with their proper use we provide closed analytical forms of all stationary state wavefunctions for a particular example of an inhomogeneous magnetic field. Determination of the corresponding energy eigenvalues is not attempted here, but we do provide the rather few references that do this through transfer matrix techniques -our work been complementary to the others in the sense that it provides immediate information on the eigenkets, that are claimed to be difficult (or even impossible) to obtain by workers in this field. We even take advantage of the closed analytical forms of the wavefunctions in order to study certain Berry's phase effects upon an adiabatic and cyclic movement of the origin, and to connect the results to probability currents and to several open problems associated with probability flow in the theory of elementary Quantum Mechanics and Solid State Physics. Finally, we demonstrate how the method can be generalized in the additional presence of an electric field, which we show that can even be temporally-varying without major changes. In this article we everywhere assume for simplicity a spatially 2-D system (in Cartesian (x,y) but also in polar (r,φ) coordinates), with the magnetic field (either uniform or non-uniform) always being perpendicular to the 2-D system (i.e. along the z direction) and with the electric field, whenever present, lying in the 2-D (x,y) plane. Also for simplicity we everywhere choose static vector potentials ( /0 At    ).
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Homogeneous magnetic field
Cartesian coordinates
A central quantity in the Landau problem (for a quantum particle of charge -e), although a bit "forgotten" through the years (in favor of the use of guiding center operators in this problemsee later below), is what had been earlier called the pseudomomentum [8] , defined as eigenstates between H and the pseudomomentum K for any vector potential that satisfies (2.2) (something that, although it sounds natural, is never actually followed, the standard procedure being the one of Landau [9] , with the use of canonical momentum, which is not a vector constant of the motion -only one of its Cartesian components being conserved, and this being a different component in different gauges (see below)). Basing therefore our work on the pseudomomentum as a better book-keeping of the constants of motion, let us first choose the x-component of 
which is a one-dimensional shifted harmonic oscillator with the well-known solutions, Hermite polynomials times a Gaussian, and with the standard harmonic oscillator energies (but infinitely degenerate for an infinite system), namely ε n = ħω(n+1/2) (with n the non-negative Landau Level index), and with ω = the cyclotron frequency). The total solution can then be written (from (2.4)) as 
 
, A x y =-Byî + ⃗⃗⃗ Λ as already pointed out above). Note also that the form (2.8) involves a path (in the line integral of A ) that connects the point (0,0) to the point (x,y) (in place of (0,0) we could have more generally had an arbitrary (x 0 ,y 0 ) -see later below), and apart from this line integral it also involves an additional flux contribution that has the general form of the non-local terms-results in [5, 6] . Similarly, if we had chosen to find the simultaneous eigenfunctions of H and y K (although note, this we will not need here, except possibly for comparison with the extended results of section 5 with the additional presence of an electric field), we would have ended up with
with the phase factor A as can be easily verified), resulting in the observation that different wavefunctions for different gauges may indeed differ by the standard single phase factor as long as the same component (of the constant of motion) is chosen to be diagonalized with the Hamiltonian (here the choice was K x ). This contradicts Swenson's [1] results on gauge changes, where he states that a wavefunction that belongs to a specific gauge must be written as a linear combination of wavefunctions in another gauge. Swenson's result is indeed true in case that in the two gauges, two different operators (here different components of the constant of motion) are used to be simultaneously diagonalized with the Hamiltonian (and this is exactly what happens with the standard (a la Landau [9] ) use of canonical momenta). Here is why -and, incidentally, this is a word about readers worrying about the "other" Cartesian component of K, K y (or of the guiding center operator X 0 ): in Landau gauge 1 A , it turns out from the definition (2.1) that simply K x =p x , and in Landau gauge 2 A , it turns out that K y =p y . Hence, indeed, the insistence on the use of p's by Landau (p x in the 1st gauge and p y in the 2nd gauge) to simultaneously diagonalize them with H is not quite the most natural choice; it corresponds to different components of pseudomomentum being diagonalized in each of the two gauges, hence the Swenson's complications.
Polar coordinates
As we will see here, similar conclusions can be obtained in a slightly more nontrivial example, namely the same system in polar coordinates, where the conserved quantity turns out to be what could be called a pseudo-angular momentum    the kinematic momentum in two dimensions. Since   ,0 z HL  , this quantity remains a constant of motion for any gauge and we may choose it to be simultaneously diagonalised with H . Note again that this pseudo-angular momentum is defined with an arbitrary vector potential and it is gauge invariant [10] . It can be shown, after considerable algebra, that the correctcommon for H and L z -wavefunction may be written as This is the Laguerre equation expressed in polar coordinates. Note that the following commutation relation between the pseudomomentum and pseudo-angular momentum holds
[This can be seen by examining the commutation of i.e. the x-component of pseudomomentum with the pseudo-angular momentum, namely
Using then again a Landau gauge (although not the most natural choice in this polar description, but we still make this choice in order to demonstrate a point later below), namely 
Inhomogeneous magnetic field
In classical mechanics the motion in a inhomogeneous magnetic field   Br is described by Newton's second law:
where m is the mass, v is the velocity and e  the charge of the particle.   r B   is an r  -dependent static magnetic field. The energy of the particle is a conserved quantity, irrespective of the spatial structure of the magnetic field, namely
because the particle accelerates in a direction that is always perpendicular to its velocity. However, not only the energy is conserved; under certain circumstances (i.e. with respect to the field's symmetry) there are other quantities that are also constants of the motion, like a generalized type of pseudo-angular momentum, which we now define by the relation Finally, we substitute all the above derivatives in the Schrodinger eigenvalue equation to get 
And after a number of further algebraic manipulations, we obtain the following simplified result which must be single-valued upon azimuthal trips by 2π, and therefore the angular momentum remains quantized (λ is an integer multiple of ). As for the use of the second constant of motion, the generalized pseudomomentum Note that, once again, (3.29) and (3.30) only differ by the correct (single) phase factor (that is straightforward to see that it indeed connects the two gauges, namely the difference of the two vector potentials is indeed the grad of the above Λ). We see therefore that if one is sufficiently careful, the cautionary remark of Swenson does not apply (or can be made inapplicable), even in cases of inhomogeneous magnetic fields.
Let us also briefly mention in passing a word on energy eigenvalues of the above eignefunctions. These can be generally determined through appropriate transfer matrix methods (see [12] ), and it should be stressed that all previous workers in this field focus (quite justifiably) on determining these eigenvalues, claiming however (see i.e. the most recent and updated [12] ) that the corresponding eigenvectors are not possible to determine in closed form -this giving an extra indication of the possible usefulness of the present work.
Finally, before ending the core of this article, we find it useful to include in a separate section a couple of comments that we find interesting for further study (related to the role of the point (x 0 ,y 0 )), one on the probability flux vector (quantum mechanical current) in connection to the Hellmann-Feynman theorem [13] , and one on Berry's phases [14] with respect to adiabatic and cyclic variations of the point (x 0 ,y 0 ).
Probability current and Berry's phases
Although the issues that will be discussed in this section are of independent interest and significance (i.e. they might be relevant to a much wider application, related to topologically nontrivial quantum systems) we will continue for concreteness using the final example of last section. First we recall that the local probability flux vector (or quantum probability current density) is generally defined as 
Applying the well-known Hellmann-Feynman theorem [13] with respect to parameter 0 y in its ordinary form (note however on possible extra non-Hermitian boundary contributions which we leave out that might play a role, see [15] ) we obtain (4.13) for the Berry's phase is equal to the Aharonov-Bohm phase plus a contribution from the global electric current picked up in the parameter-based cyclic loop (and it seems to generalize previous 1D results [17] ). The above is valid for the flat 2D problem. [Incidentally, we note here that, for the rotationally symmetric system B=B(r), the result turns out to be (by conformal mapping) similar, namely an Aharonov-Bohm phase plus a global current (which for a closed system is zero) and it is essentially a generalization of the result for the well-known Berry's rigid box that is adiabatically moved around a flux [BERRY] .] It should be noted, however, that if the above system has periodic boundary conditions (along a Cartesian direction) and it can equivalently be folded into a cylinder, then the Berry's phase picked up by trips around the empty space is a more interesting story: apart from the Aharonov-Bohm phase, the full Berry's phase also contains a term containing the global electric current [17] , and this is a matter of further interest (the extra global electric current term can now differentiate (in this 2D problem -compared to the previously published 1D problems in refs [17] ) between topologically non trivial (folded) and trivial (flat) cases (i.e. in the two cases, the extra global current term is of a different type, belonging to different so-called homotopy classes)), these being matters that need to be presented in more detail elsewhere.
Inclusion of a homogeneous electric field
Before ending this article, we digress a bit from the main systems considered, in order to address the question whether one could even incorporate into our pseudomomentum-based method the possible additional presence of an electric field. We will briefly see that the answer is affirmative, and that now we will have to follow extended procedures that will now involve the tdependent (rather than static) Schrodinger equation. Indeed, let us focus on the special case where an additional homogeneous in-plane electric field E is imposed on the system. The Hamiltonian is now H E =H E=0 + e E.r, and in this case, the generalized pseudomomentum (cf. eq. and it is no longer simply a constant of the motion as before (it does not commute with H) but it becomes an invariant operator [18] , namely it obeys the following relation electric Aharonov-Bohm effect). All this needs, however, a more detailed and self-contained presentation which we leave for the future.
Conclusions
We have shown that when working with Landau gauges (or, actually any other gauge), the wavefunction that corresponds to one gauge can be easily transformed to a wavefunction that corresponds to another gauge by a simple (single-phase) gauge transformation, as long as the same Cartesian component of pseudomomentum (or pseudo-angular momentum) is simultaneously diagonalized with H in each of the two gauges. This may sound natural, but it is not what is being followed in textbooks or in the research literature (where canonical momenta are used as constants of the motion instead of pseudomomentum). The handicap of the standard procedure is that only one Cartesian component of the canonical momentum happens to be a constant of the motion only in one Landau gauge, and only the other Cartesian component of the canonical momentum happens to be a constant of the motion only in the other Landau gauge, not both components. In contradistinction, both components of the pseudomomentum are always constants of the motion, in any gauge, as shown clearly in the text, hence the pseudomomentum providing a more powerful book-keeping that eliminates the complications. If one chooses to solve the problem without paying attention to the pseudomomentum, it may happen that upon change of gauge there will be different components of K diagonalized in the different gauges (as it happens implicitly in the standard procedures that mimic the original solution of Landau with use of the canonical momenta), and then the two wavefunctions will not be connected by a single-phase relation, but through a linear combination on all quantum numbers that lie within a single degeneracy-subspace (i.e. correspond to the same energy) but are labeled by only a "partial" constant of motion -this is what occurred in Swenson's warning article [1] . Most importantly, however, we have also noted that similar conclusions can also be drawn even in the more difficult cases of inhomogeneous magnetic fields (an area that has so far focused on the energy eigenvalues -with a noted difficulty in getting information on the corresponding eigenfunctions), and in such cases not only did we provide closed analytical forms for the wavefunctions, but we additionally calculated Berry's phases (for the flat 2D Landau problem) upon small variations of the location of an initial point (that could be taken as the origin of coordinates). [This could be viewed as an innocent gauge transformation; note, however, that if we had periodic boundary conditions and had folded the problem along one direction, this change of initial point would no longer be so innocent -it would correspond to a singular gauge transformation with subtle physical consequences (a hidden transfer of physical momenta between the two systems), the simplest one being a gauge proximity effect [16] .] In this case, because both K and z L are expressed as line integrals and therefore depend on the path connecting the initial and final points, extra care must be taken in the sense that the integrand quantities must be curl free. Independence from the path of integration then means that these quantities are well defined constants of motion. We demonstrated in detail how utilization of such constants of motion can quickly lead to general solutions of the Schrodinger equation in certain nonuniform-field cases, making apparent how a careful use of gauge transformation techniques (combined with the proper use of pseudomomentum quantities) can be a powerful tool for the quick solution of difficult problems of this type. Finally, an inclusion of an in-plane electric field (even a t-dependent one) was briefly considered, with an even further generalized pseudomomentum defined in the text, demonstrating that our method is generalizable to treat even broader physical systems.
